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1 Introduction 

In this paper we deal with the problem of regularity for iron hypo-elliptic partial differential 
equations with polynomial coefficients. An operator A : S' —> §' is regular if u is a Schwartz 
function whenever Au is a Schwartz function. It is well known that hypo-elliptic partial differential 
operators in the sense of Definition 25.2 of [5] are regular. On the other hand, the problem of finding 
necessary and sufficient conditions for the regularity of a differential operator with polynomial 
coefficients is still open. 

In the case of ordinary differential equations, in [7] necessary and sufficient conditions for 
regularity are found under additional hypotheses. For partial differential equations the problem is 
much more complicated. We refer for example to [TT|, where the regularity of the twisted laplacian 
is proved, by explicit computation of the heat kernel and Green function. The twisted laplacian 
can be viewed as a Schrodinger operator perturbed with electromagnetic field; it is intimately 
connected with the sub- laplacian on the Heisenberg group, see 0, and is also studied from the 
point of view of spectral theory, see for example [6]. 

In this paper we follow a new approach, related to transformations of Wigner type, to prove 
regularity of a wide class of iron hypo-elliptic partial differential operators with polynomial coeffi- 
cients. The approach consists in applying a Wigner-like transform to a general partial differential 
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equation. This idea is already present in some works related to engineering applications, cf. [2J, 
[3]- In these papers some equations are analyzed, looking for the Wigner transform of the solution. 
£SJ ■ Instead of finding first a solution u, and then computing its Wigner transform Wig[u] , the equation 

itself is Wigner-transformed obtaining an equation in Wig [it]. In this way it is possible to find, in 
some cases, the exact expression of Wig [it]. 

In the present paper we use tensor products of topological vector spaces in order to apply the 
Wigner transform technique to the study of regularity in the Schwartz space of partial differential 
operators with polynomial coefficients. We refer to Section [3] for a precise statement of the result; 
the idea is that a linear (hypo-elliptic) operator is associated to a linear non hypo-elliptic one, 
and the Wigner-like transform allows to transfer the regularity from an operator to the other 
one. In this way we easily recover the regularity of the twisted laplacian, as well as of generalized 
versions of it. Moreover, we analyze several other examples, as general second order operators and 
operators associated to a complete Newton polygon. 

In this paper, we consider only partial differential equations in two variables. There is no 
difficulty to generalize the results to an arbitrary even number of variables; we do not present our 
results in such a generality to keep the formalism as simple as possible. 

The paper is organized as follows. In Section [5J we give general results concerning regularity 
and tensor product of operators; in Section [3] we prove the main result, and in Section 0] we apply 
such a result in concrete cases, by analyzing several examples. 
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2 Regularity and extension of the variables. 

Given a linear operator A on S'(R) such that A(S(R)) C L 2 (R), we denote by A* the adjoint of 
A\§ with respect to the inner product on L 2 (R). The domain D(A*) of A* is given by all u G L 2 (R) 
for which there exists v G L 2 (R) such that 

(A(j)\u) L 2 =(<f)\v) L 2, 0eS. 

Proposition 1. Consider a continuous linear operator A on S'(R). If yl(S(R)) C S(R), then 
S(R) C D{A*), A** is the closure of A\§ in L 2 (R) and A\ S is continuous on S(R). 

Proof. For all V G S(R), 

u n> (Am I ■0) 

is a continuous functional on L 2 {R). Then there exists v G L 2 (R) such that 

(AulV'} = (u|u) L 2, mgL 2 (R). 

This implies that V G D(A*) and that A*ip = v. Since S(R) is dense in L 2 (R), it follows that A** 
is a closed extension of A|§. 

Consider a sequence (u„) in S(R) such that u n — > u and Au„ — > u in S(R). Then u„ — >• u and 
Ait„ — >• w in S'(R). But A is continuous on S'(R), hence Au — v. Thus A is a closed operator on 
S(R). Therefore A is continuous on S(R), by Closed Graph Theorem. □ 

Definition 2. A linear operator A on S'(R) is regular if 

Au G §(R) => u G S(R), u G S'(R). 

We denote by E®F the topological tensor products of two nuclear spaces E and F. Given 
two linear continuous operators Aj : Ej — > Fj, with j G {1,2}, between nuclear spaces, A\®Ai ■ 
Ei®E 2 — > Fi®F-2 is the unique continuous linear operator such that A\ ® A 2 (ui ®u 2 ) = A\{u\) ® 
A 2 (u 2 ), for all (ui,u 2 ) e Ei x E 2 . 

Given a linear operator A on a vector space E, we denote by the subspace of the solutions 
to the equation Au = 0. 

Theorem 3. Consider a continuous linear operator A on §'(R) such that A(S(R)) C §(R) and 
assume that 

(i) g §(R), 

(ii) §(R) = A(S(R)) ®N(A*). 
(hi) S'(R) = A(S'(R)) ®K(A"), 

Let / be the identity operator on §'(R). Then A is regular and one-to-one if and only if the tensor 
product A<E>I is regular on S'(R 2 ). 

Remark. We say that the operator A®I is obtained by "extension of the variables from R to R 2 ". 
This explains the title of this section. 

Proof. Assume A® I is regular. 

Consider u G §'(R) such that Au G S(R). Then A§>I(u®v) = Au®v G S(M 2 ) for all v G §(R). 
If A® I is regular, u ® v must belong to §(R 2 ) for all v G S(R). But this is impossible, unless u 
belongs to S(R). 

Assume now there exists <j> G S(R)\{0} such that A(f> — 0. Let 5 be the Dirac distribution, then 
4>{x) <g> S(y) belongs to the kernel of A® I, but not to §(R 2 ), in contradiction with the regularity 
oiA®I. 
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Assume now that A is regular and one-to-one. By assumption §u§ and Open Mapping Theorem 
A\g is an isomorphism of S(R) onto A(S(R)J. Then, by Propositions 43.7 and 43.9 of [10J, A|§CED/|s 
is an isomorphism of S(R 2 ) onto 

%©/| S (S(K 2 )) = A(S(R))§S(R). 

Since 

A|§§7| S = (A®I)\ S , 

we have that (^4® J) | S is an isomorphism of S(R 2 ) onto A(S(R))©S(R). 
Moreover, thanks to hypothesis ([n]), we have: 

(1) S(R 2 ) = (A(S(R))©N(,4*))SS(R) = Ag/(S(M 2 )) © N(A*)§S(R). 

By Proposition 3.17.2 of [3], the Open Mapping Theorem is true for continuous linear maps 
from a Ptak space onto a barrelled Hausdorff space. Now by Proposition 3.17.6 of [3], §'(R) is 
a Ptak space. On the other hand, from hypothesis fm)) we have that A(S'(R)) is canonically 
isomorphic to S'(R)/W(j4*). Then, by Corollary (a) to Proposition 3.6.4 of [I], we have that 
v4(S'(R)) is a barrelled Hausdorff space. Then, by Open Mapping Theorem, A is an isomorphism 
of S'(R) onto A(S'(R)). 

Therefore from Propositions 43.7 and 43.9 of [TU] we obtain that A®I is an isomorphism of 
S'(R 2 ) onto a dense subspace of A(S'(R)) ©S'(R). Since S'(R 2 ) is complete, we have 

A§/(S'(R 2 )) = i4(S'(R))®S'(R). 
Moreover, since §'(R) = A(§'(R)) © JS{A*), we obtain 

(2) S'(M 2 ) = A(S'(R))®S'(R) © Ji{A*) © §'(R) = A©/(S'(R 2 )) © W(A*)®S'(R). 

Consider now u £ S'(M 2 ) such that / = (A§I)u £ S(1R 2 ). Since / belongs to §(R 2 ), thanks 
to O, there exist unique v £ S(R 2 ) and h G K(A*)§S(R) C N(A*)g§'(R) such that (A®I)u = 
(A®I)v + h. But then, © implies that h = and u = v G §(R 2 ). □ 



3 Regularity of a class of differential operators. 

Definition 4. A polynomial a(x,£) on RxR is hypo-elliptic if it does not vanish outside a compact 
set and 
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Theorem 5. A differential operator A : §'(R) — > §'(R) with polynomial hypo-elliptic symbol is 
regular and satisfies the hypotheses of Theorem [3] 

Proof. By Tarski-Seidenberg Theorem, see Appendix A of [S], we have that a is hypo-elliptic in 
the sense of Definition 25.2 of [5]. Then the result follows from Theorem 25.3 of [S]. □ 

Theorem 6. Consider a differential operator A : §'(R) — > S'(R) with polynomial hypo-elliptic 
symbol. Then A®I is regular if and only if A is one-to-one. 

Proof. It follows from Theorems |3] and [5l □ 
Theorem 7. Consider the differential operator on §'(R 2 ) 

(3) B= ]T c ]ik (x-qD y y(y + P D x ) k , 
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where p is a real number and 

q=l-p. 

Let A be the differential operator on §'(M) with symbol 

Assume the symbol a be hypo-elliptic. Then B is regular if and only if A is one-to-one. 
Proof. Introduce the Wigner-like transform of a function / £ S(M 2 ): 

Wig p [/](i,y) = — J e- iz yf(x + (l-p)z ) x-pz)dz. 

Since Wig p an isomorphism both on S(R 2 ) and on S'(M 2 ), the result follows from Theorem [6] 
and the following identity. 

(4) BWig p [w] = Wig p ((A®I)w), w £ S(M 2 ). 

We prove by induction. This means that we may assume m = 1. 
Define the operators: 

Miw(x, y) = xw(x, y), M 2 w(x, y) = yw(x, y), 

and 

Dxw(x, y) = D x w(x, y), D 2 w(x, y) = D y w(x, y), 

where, as usual, 

Ac = —id x , D y = -id y . 

Then we have 

(5) D x Wig p [w]{x,y) = , 2 \ vJ2 J e- iyz D x (w(x + qz,x-pz))dz 



= Wig p [Diiu](x,j/) + Wig p [D 2 w](x,y), 
1 

i 



(6) D 2 W\g p [w\{x,y) = /2 / -2je w *ic(a: + gz, x - pz) dz 



(2tt)<V 2 
1 



e lyz (x — pz)w(x + qz, x — pz) dz 
~ lyz (x + qz)w(x + qz, x — pz) dz 



(2ir)»/ 2 

Wig p [M 2 w](x,y) -mg p [M lW ](x,y), 
1 

(2^/ 2 

1 



(7) M 1 Wig p [w](x,y) = /0 _ W2 / e iyz xw(x + qz, x - pz) dz 



(2tt)^/ 2 
1 



(27r)"/ 2 
1 



(2tt)<V 2 
1 



e~ lyz qxw{x + gz, £ — pz) dz 

e~ lyz pxw(x + qz, x — pz) dz 
e~ lyz q(x — pz)w(x + qz, x — pz) dz 
e~~ tyz p(x + qz)w(x + qz,x — pz) dz 



(27r)"/ 2 

= 1 Wig p [M 2 w] (x, y)+p Wig p [Miw] (x, y) 
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(8) M 2 Wig p [w](x,y) = J (-D z e- i y^w(x + qz,x-pz)dz 

1 f . 

;q e lyz (Diw)(x + qz, x — pz) dz 



(2tt)<V 2 

p / e~' lyz (D2w){x + qz, x — pz) dz 



= <7Wig p [Diu;](iz;,y) - p Wig p [AH(a:, y). 
Then from ([5} and (O we obtain: 

Wig^™] = (M a WigpH, 
and from (|§J| and (0 we obtain: 

Wig p [M lW ] = (Mi - qD 2 ) Wig p H- □ 

Observe that the symbol of the operator ^ cannot be hypo-elliptic is the sense of the Definition 
25.2 of [8]. In fact we have the following proposition. 

Proposition 8. Let b(x,y; £,77) be the symbol of the operator and 

*(*.0= E E ^^ fi! (!)(!) l, ""^ n - 

j+k<m n<max{j,fc} \ / \ / 

Then for all (xo, £0) € R x R, we have that 

&(&o + ff^i yo - K; & »7) = a(»o, 2/0)) (£, 77) e R x r. 

Proof. By Theorem 3.4 of [8] we have that the symbol of the operator B is given by 



b(x,y;tv)= E c i,kJ2 L nr d v( x -w) j d2(y+pO h 

j-\-k<m n£Z_|_ 



- E E (i?) n f J ) -»?+w) i - n (i/+pe) fc ~ n - □ 



j+k<m n<max{j,/c} 

We end this section with a simple observation which widens the range of applicability of the 
Theorem [7J 

Proposition 9. Given a differential operator B = b(z,D) on R 2 , with polynomial coefficients, 
consider a 2 x 2 non-singular real matrix T and set 

B T = a T (z, D) = a(T'z, T~ l D). 

where T" is the transposed matrix. Then B is regular if and only if Bt is regular. 

Proof. Consider u 6 S'(R 2 ). A simple computation yields 

(9) B T (uoT') = (Bu)oT'. 

Since uoT' belongs to §(R 2 ) if and only if u G S(R 2 ), the result follows immediately from ©. □ 
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4 Examples. 

4.1 Second order self-adjoint operators. 
Proposition 10. Consider the polynomial 

(10) a(x, £) = a 2 x 2 + a\x + a - ib\ + 2(biX + b )£ + c £ 2 , 

where the coefficients a 2 , ai, ao, 61, bo, Cq are real numbers and i 2 = — 1. 
Assume there exist ri,ro, Si,sq such that 

(11) 61 = r%si, b = r s 
and 

(12) «o + *i<Go, a\ <4(a 2 -r 2 )(a Q -r 2 ). 
Then the operator 

B = a 2 (x - qD y ) 2 + ai(x - qD y ) + a - ibi + 2(bi(x - qD y ) + b )(y + pD x ) + c (y + pD x ) 2 
is regular, for all p £ R and q = 1 — p. 
Proof. From (fTTjl and (TT2")) we obtain that 

6? = (risi) 2 < a 2 c , 

therefore the quadratic form 

a 2 x 2 + 2bix(i + c £ 2 

is positive-definite and this implies that the polynomial a is hypo-elliptic. 

A simple computation shows that the operator A = a(x, D) is symmetric on S(R). This implies 
that (Au I u) is real for all u £ S(R). Then, by using and (fT12j) . we have the estimate 



(13) (Aw u) 12 = I ^(a 2 ir 2 + a%x + ao) \u\ 2 — ib\ \u\ 2 + 2{b\x + bo)Duu + cqD 2 uu S J dx 
[(a 2 x 2 + a\x + ao) \u\ 2 + (bix + bo)(Duu + uDu) + cq \Du\ 2 ^j dx 
■ I ((( a 2 — rf)x 2 + a\x + a — r 2 ) |u| 2 + (c — s\ — s 2 ) |-Dn| 2 Jete 



4(a -r 2 )(a 2 - r\) -a 2 2 
^ aT^r 2 Ml2 ■ 

Now, if Au = 0, by regularity u belongs to §(R), and estimate (fT3"]) together with (fT2l implies 
u = 0. This shows that A is one-to-one. Then the result follows from Theorem [7] □ 

In particular, when a 2 = 4, Co = 1/4 ai = ao = foi = 60 = and p = q = 1/2, Proposition 1101 
implies the regularity of 

/ 1 \ 2 1/ 1 
(14) B = a[x--D v ) +-[y + -D x 

Then Proposition |H] with 
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lj ' 

implies the regularity of the twisted laplacian, already studied in |11| : 
(15) B T ^(D y ^ l -x) 2 +(D x + l -yf 

In the next section we study some generalizations of this operator. 
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4.2 Generalized twisted laplacian. 
Proposition 11. Fix positive integers h, k, m and n, with 

(16) m < h, n < k, nh + mk > hk. 
Let A, a > 0, p, v ^ 0, p G R, and write q = 1 — p. Then the operator 

(17) B =X(x - qD y ) 2h + p(x - qD y ) m (y + pD x ) 2n (x - qD y ) m 

+ v(y + P D x ) n (x - qD y ) 2m (y + pD x ) n + a(y + pD x ) 2k 

is regular. 

Proof. Consider the operator A on §'(R) defined by 

A = \x 2h + px m D 2n x m + v D n x 2rn D n + aD 2k , 

and let a(x, £) be its symbol. Conditions (|16[) imply that a(x, £) is multi-quasi-elliptic, in the sense 
of definition of page 62 of [lj. As a matter of facts, an easy computation shows that a(x, £) is 
hypo-elliptic. 

Let us prove that A — a(x, D) is one-to-one. Given u e S(R) we have 

(Au | u) L 2 = \{M 2h u | u) L 2 + /j,(M m D 2n M m u \ u) L 2 + v{D n M 2m D n u \ u) L 2 + <j{D 2k u \ u) L 2 
= A |[Af fc u||* a + it \\D n M m u\\ 2 L2 + v \\M m D n uf L 2 + a \D k uf h2 > 0, 

where Mu(x) = xu(x) is the multiplication operator. Then, Au = implies M h u = and 
D k u = 0, that is u = 0. So A is one-to-one, and from Theorem [7] the operator B is regular. □ 

Observe that Proposition [5] implies that the symbol of the operator (fT7| is not hypo-elliptic. 

When h = k = 1, A = 4, a = 1/4, \i = v = and q = p = 1/2, we recover the regularity of 
(fT4l , and consequently of (|15|) , as in Section 14.11 On the other hand, we can now treat a quasi 
homogeneous twisted laplacian of higher order, with arbitrary coefficients. Consider p, r £ R such 
that 

pr ^ 0, p^r, 

and let B the operator ([IT]) with /i = = 0, A = (p — t) 2 ' 1 , er = 1, p = — Consider moreover 



T 



-fi- 

p-r 
T 



Then by Proposition [TT] and Proposition |H] we have that the operator 
(18) B T = {D y + px) 2h + {D x + ry) 2k 

is regular. 

4.3 Weyl-Wick transform and positivity of operators. 

The problem of proving injectivity of an operator is in general non-trivial, since it is strictly 
connected to the knowledge of its spectrum. On the other hand the (strict) positivity is a sufficient 
condition for an operator to be one-to-one. In this section we give a general method to construct 
hypo-elliptic polynomial symbols of positive operators. Applying Theorem[7]we then obtain regular 
operators with non hypo-elliptic symbol. 
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Definition 12. The Weyl-Wick transform of the polynomial 

(19) a(x,0= E c i,kxH k , (x,£)eRxR, 

is the polynomial 

n6Z + ' ZGZ+ 

Proposition 13. The Weyl-Wick transform of a polynomial a(x, £) of order m is a polynomial 
of order m and W is invertible on the space of polynomials in the (x,£) variables; in particular 

W- 1 [a](*,f)= E ^4 E i4i A ",C^0, 
;gz + nez + 

Proof. The simple proof is left for the reader, see Problem 24.11 and Theorem 23.3 of [H]. □ 
Consider now the function 

$ VtV (x) = Tr-VV^e-^-*) 2 , 
where t/, 77 S R are parameters, and the corresponding orthogonal projection in i 2 (M) on &y lV '- 

(21) ^"fa) = ( / «(*)*im?(*)#)*imjO»0> 
for u G L 2 (R). We have the following result. 

Proposition 14. Let A be the differential operator with symbol (|19l) . then we have 

(22) Au ^hj W [ a ](y^){Py,v u )dydr,, u e §(R). 

Proo/. It follows from Problem 24.10 and Theorem 23.3 of [5]. □ 

Proposition 15. If a is a polynomial such that W[a](x, £) > for almost all (x, £) G R 2 , then 
the operator A = a(x, D) is one-to-one. 

Proof. It follows from and J2TJI that 

1 /" r , f , , — , 2 

dydrj. 



{Au\u) L 2 = — I W[a}{y,rf) j u(x)<b y . v (x) dx 



Then, if W[a] > almost everywhere, Au — implies that 

tt" 1 / 4 / e- ixv e-i {y - x) \(x)dx = / u{x)%^{x) dx = 0, (y,rj) E R x 



and therefore 

e-^fe-^) 2 ^^) = 0, (x, y) E R x R, 

that is u = 0. □ 

Since the Weyl-Wick transform preserves hypo-ellipticity, we have the following result. 

Corollary 16. Let a(x,£) be an hypo-elliptic polynomial such that <z(x, £) > for almost all 
(x,£) elxR. and let r(x,£) = W _1 [a](x, £). Write 

r(s,£) = E 

where m £ Z+ and Cj ^ G 1, j + H m are uniquely determined by a. Then the operator 

B= E c j , fe (x- gJ D^( 2/ +p£> x ) fe , 

with g = 1 — p, is regular. 
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4.4 Operators with negative index. 

Now we consider differential operators of first order. 

Proposition 17. Fix a € C and a positive integer m. Suppose that (Ima) m > 0. Then for every 
p£l the operator in M 2 

y + pD x + a(x + (p- l)Dy) m 

is regular. 

Proof. Consider the operator A with symbol 

(23) a(x,£) = £ + ax m . 

Thanks to Theorem it is enough to prove that a is hypo-elliptic and A is one-to-one. The 
condition (Im a) m > implies the hypo-ellipticity of a. 

From Theorem [5] the kernel of A is then contained in S(R). On the other hand the classical 
solutions of Au = are the functions 

u{x) =/3e- ia W : , /3eC, 

which do not belong to S(K) for (Ima) m > 0. This implies that A is one-to-one, and the proof is 
complete. □ 

In view of the hypotheses of Theorem [3J it is interesting to observe that when m is odd and 
Ima > is positive, the operator A = D + ax m has index —1, hence in particular J{(A*) ^ 0. 
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